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FREQUENCY TRANSFORMATION PROGRAM 

DECUS Program Library Wri te-up DECUS N O . FOCAL8-226 

1. A B S T R A C T : 

V a r i o u s F o u r i e r t r a n s f o r m a t i o n methods can be a p p l i e d when u s i n g 

the F r e q u e n c y T r a n s f o r m a t i o n P r o g r a m d e s c r i b e d b e l o w . T h i s 

p r o g r a m shou ld examine in p a r t i c u l a r the a c c u r a c y of the F a s t 

F o u r i e r T r a n s f o r m a t i o n F O C A L p r o g r a m deve loped by ROTHMAN / 2 / 

in c o m p a r i s o n w i t h n o r m a l F o u r i e r t r a n s f o r m a t i o n s . 

T h e r e s u l t is that the F a s t F o u r i e r T r a n s f o r m a t i o n s h o u l d be u s e d , 
NU 

if the number of d i s c r e t e po in ts is N = 2 (NU = 1 , 2 , 3 , . . . ) . 

If not s o , the t r a n s f o r m a t ion method w i t h t r a p e z o i d a l i n t e g r a t i o n and 

lag w i n d o w " h a n n i n g " shou Id be u s e d . 

2. R E Q U I R E M E N T S : 

2. 1 H a r d w a r e : An 8 - k P D P - S / 1 o r 8 / e c o m p u t e r w i t h an 

A S R - 3 3 t e l e t ype is the min imum h a r d w a r e . 

2 . 2 S o f t w a r e : 1 ) F O C A L 1969, D E C - O B - A J A E - P B 

i n i t i a l d i a l o g u e : NO - Y E S 

2) U t i l i ty o v e r l a y s f o r F O C A L 1 969 ( 8 - k ) 

D E C - 0 8 - A J 1 E - P B 

3) if a v a i l a b l e : M O D V - C h o i c e , 

D E C U S N o . F O C A L 8 -135 

4) F N E W - F u n c t ion f o r the F a s t F o u r i e r 

T r a n s f o r m a t ion 

3. L O A D I N G P R O C E D U R E : 

1) L o a d F O C A L 1 969 w i t h the B i N - L o a d e r in to f i e l d 0 and 

s t a r t F O C A L at l o ca t i on 0200. 

2) A n s w e r the i n i t i a l d ia logue w i t h NO - Y E S 



3) S top the c o m p u t e r . L o a d the 8 - k o v e r l a y w i t h the 

B I N - L o a d e r in to f i e l d 1. 

4) If the p r o g r a m M O D V - C h o i c e is not a v a i l a b l e , leave out 

t h i s p o i n t . 

L o a d the D E C U S p r o g r a m M O D V - C h o i c e w i t h the B I N -

L o a d e r in to f i e l d 0. R e s t a r t F O C A L at l o ca t i on 0200 

and a n s w e r the q u e s t i o n w i t h Y o r N . S t o p the c o m p u t e r . 

5) L o a d the F N E W - F u n c t ion w i t h the B I N - L o a d e r in to f i e l d 0. 

6) R e s t a r t F O C A L at l o ca t i on 0200 . 

7) L o a d the F O C A L F r e q u e n c y T r a n s f o r m a t i o n P r o g r a m . 

8) S t a r t the F O C A L p r o g r a m w i t h the GO command. 

T h e t e l e t y p e w i l l g i ve a message and the p r o g r a m w i l l 

e r a s e the g roup 1 commands. 

9) You have to w r i t e the l i nes 2 . 14 and 2. 16 s p e c i a l l y f o r 

y o u r p r o b l e m ( f o r d e t a i l s see c h a p t e r 8: comment of the 

F r e q u e n c y T r a n s f o r m a t i o n P r o g r a m in the I i s t i n g s , g roup I 

of F O C A L p r o g r a m ) . 

1 0) W i t h a GO command you w i l I s t a r t the t r a n s f o r m a t ion . 

4 . T H E O R Y 

4 . 1 I n t e g r a t i o n Methods 

can be e v a l u a t e d n u m e r i c a l ly on l y by a p p r o x i m a t i o n . In 

the d i f f e r e n t e x i s t ing i n t eg ra t •on methods the f o r m a l ism 

i n c r e a s e s to some ex ten t f o r m o r e a c c u r a c y . 

4 . 1. 1 T r a p e z i n t e g r a t i o n 

When e v a l u a t i n g an i n t e g r a l of a c u r v e w i t h on ly two 

A c e r t a i n i n t e g r a l 
b 

a 

o r d i n a t e s ( t ^ , y ^ ) ; (t^ , y^ ) , you get the g r e a t e s t 
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e r r o r . T h i s l i n e a r i n t e r p o l a t i o n (o r t r a p e z o i d a l 

i n t e g r a t i o n ) 

can be e a s i l y deve loped . 

4 . 1. 2 S impson I n t e g r a t i o n 

In the S impson i n t e g r a t i o n 

an i n t e g r a l is e v a l u a t e d w i t h t h r e e o r d i n a t e s 

(t J y ) ; ( t , , y , ) ; ( t „ , y „ ) . if the i n t e g r a l has to be de te r -
c o 1 1 2 2 

m ined f o r a l o n g e r i n t e r v a l , the r e s p e c t i v e f o r m u l a s can be 

e x p r e s s e d as f o l l o w s (equa t ion 1): 

H e r e the i n t e r v a l is d i v i d e d in to a l i n e a r number N 

of segments of equal w i d t h M . 

2 F o u r i e r T r a n s f o r m a t i o n 

W i t h the F o u r i e r t r a n s f o r m a t i o n a f u n c t i o n of the t ime domain 

is t r a n s f o r m e d in to one of the f r e q u e n c y doma in , if t h i s f u n c 

t i on is on l y g i ven in d i s c r e t e o r d i n a t e s , the f r e q u e n c y domain 

a f t e r the t r a n s f o r m a t i o n is l i m i t e d . 

The f r e q u e n c y i n t e r v a l i s : 

-i/ca-^i-Y/Y 
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H e r e At is the t ime i n t e r v a l and N the number 

of o r d i n a t e s . ^ o the l i m i t e d f r e q u e n c y domain a f t e r the 

t r a n s f o r m a t i o n is 

f = k • Af f o r k = 0 , 1 , . . . , N 

o r 

f = 0 , Af, 2 • Af, 3 - A f , . . . , N- A f = 1 / (2- At) 
k 

4 . 2 1 F o u r i e r I n t e g r a l T r a n s f o r m a t i o n 

The e q u a t i o n 

P(fJ -

shows the F o u r i e r t r a n s f o r m of a f u n c t i o n y ( t ) . 

If the f u n c t i o n is n o n - e x i s t e n t f o r t imes 

t F 0 , P ( f ) i s as f o l l o w s (equa t ion 2 ) : 

P( / ; - d-/y/iJe'-'^'^'^c/i 

o 

o r it is d i v i d e d into r e a l a n d i m a g i n a r y p a r t s ( equa t i on3 ) : 

pe P(/J - ^-fyiP cosCuAi) M 

o 

Im PffJ--^ fyW sib UiJ 

o 

yW 
}-t 

ad 

4 . 2. 2 D e r i v a t i o n f r o m a F o u r i e r S e r i e s 

P e r i o d i c v a r i a b l e s can be r e p r e s e n t e d in the t ime domain 

by a F o u r i e r s e r i e s of the f o r m 



w h e r e the c o e f f i c i e n t s a and b a r e de f i ned by 

(equat ion 4 ) : 

A'-.ttf 

a^,= J yl-f) cosl^tc-t) oli 
o 

4 = J Y'-^^ S-h(u>^-IJ DT 

N • At is the p e r i o d i c of the v a r i a b l e , and u) , the 
K 

k - t h h a r m o n i c of the fundamenta l f r e q u e n c y , is g i ven 

by (equat ion 5 ) : 

Z-Tk 

If the v a r i a b l e y ( t ) is samp led at N e q u a l l y spaced 

po in t s At seconds a p a r t , the F o u r i e r t r a n s f o r m is / 3 / 

(equat ion 6 ) : 

Pip . ^[y(0j.E.2^yaja>S 4r ^ P'bydA.^] 

p(/y--aX 2x^473/^ '̂'̂  

H e r e the c o e f f i c i e n t s a and b a r e e v a l u a t e d by 
k k 

t r a p e z o i d a l i n t e g r a t i o n . 

4 . 2. 3 F a s t F o u r i e r T r a n s f o r m a t i o n 

T h e F a s t F o u r i e r T r a n s f o r m a t i o n is e x t r e m e l y use fu l 

in the c o n v o l u t i o n of t ime s e r i e s . The a l g o r i t h m has 

been w e l l d e s c r i b e d by B R I G H A M / l / and R O T H M A N / 2 / . 

S i n c e the F a s t F o u r i e r T r a n s f o r m a t i o n F O C A L p r o g r a m 

deve loped by R O T H M A N / 2 / is used in t h i s F r e q u e n c y 
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T r a n s f o r m a t i o n P r o g r a m t o o , t h e r e w i l I be no d e t a i l e d 

d e s c r ipt ion of the F a s t F o u r i e r T r a n s f o r m a t ion h e r e . 

4 . 3 L a g W i n d o w s 

When u s i n g the F o u r i e r t r a n s f o rmat ion f r o m a number of 

d i s c r e t e o r d i n a t e s , t h e r e a r e u s u a l l y s ide lobes apa r t f r o m 

the main lobe. In o r d e r to c o n c e n t r a t e the ma in I obe and keep 

the s i de lobe as low as p o s s i b i e , the o r d i n a t e s of the f u n c t i o n 

can be m u l t i p l i e d by a lag w i n d o w . 

The lag w i n d o w (equat ion 7) 

D (t) = 1 f o r I t j ^ t 
o max 

= 0 f o r |t I >• t 
max 

is p r a c t i c a i i y of no consequence . A s i m p l e and conven ien t 

c o m p r o m i s e is r e p r e s e n t e d by the lag w i n d o w cal led 

" b a n n i n g " (equat ion 6 ) : 

D. it) = 0.5 (1 f COS ) {c lil ' 

_ Q yc It I tn-tajc 

A n a l t e r n a t i v e c o m p r o m i s e is r e p r e s e n t e d by the lag w i n d o w 

" h a m m i n g " (equat ion 9 ) : 

T-i 
J), li) ' O.St + a.tSaxs—- far It I F t^^, 

~0 1^' ""̂  9 m * j r 
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5. F r e q u e n c y T r a n s f o r m a t i o n P r o g r a m 

The p r e s e n t F O C A L p r o g r a m t r a n s f o r m s a n u m b e r of o r d i n a t e s 

( t ime domain) in to the f r e q u e n c y doma in . H e r e d i f f e r e n t i n t e g r a t i o n 

and t r a n s f o r m a t i o n methods a re u s e d . 

1) S impson i n t e g r a t i o n : 

The F o u r i e r t r a n s f o r m a t i o n takes p lace a c c o r d i n g to equa t i on 3. 

H e r e the i n t e g r a t i o n method is the S i m p s o n i n t e g r a t i o n 

(equat ion 1). 

2) S i m p s o n i n t e g r a t i o n w i t h " b a n n i n g " w i n d o w : 

In add i t i on to the above method 1 the lag w i n d o w D (t) " h a n n i n g " 

(equat ion 6) is c o n s i d e r e d to smooth the c u r v e . 

3) S impson i n t e g r a t i o n w i t h " h a m m i n g " w i n d o w : 

in a d d i t i o n to method 1 the lag w i n d o w D (t) " h a m m i n g " 
3 

(equat ion 9) is c o n s i d e r e d . 

4) T r a p e z i n t e g r a t i o n : 

The F o u r i e r t r a n s f o r m a t i o n takes p lace a c c o r d i n g to equa t ion 6. 

H e r e the i n t e g r a t i o n method is the t r a p e z o i d a l i n t e g r a t i o n . 

5) T r a p e z i n t e g r a t i o n w i t h " h a n n i n g " w i n d o w : 

If the lag w i n d o w D_(t) " h a n n i n g " is cons l ide red in equa t i on 6 , it 
2 

is r e d u c e d to (equat ion 10): 

df 
1^ p(f) = - i Z ( ^ ^ ' ^ ^ 

rck 

k = C ' 7 ^ y - V 
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6) F a s t F o u r i e r T r a n s f o r m a t i o n : 

The F a s t F o u r i e r T r a n s f o r m a t i o n a c c o r d i n g to R O T H M A N / 2 / 

is made. 

6. C o m p a r i s o n of the O i f f e r e n t Methods 

T h e q u a l i t y of a F o u r i e r t r a n s f o r m a t i o n method was seen in the 

e r r o r s that o c c u r when a t h e o r e t i c a l peak ( the amp l i t ude of the peak 

the amp l i t ude of the h a r m o n i c s ; w i d t h of the peak a p p r o x i m a t e l y z e r o ) 

is e v a l u a t e d by d i f f e r e n t me thods . 

W i t h the F r e q u e n c y T r a n s f o r m a t i o n P r o g r a m s e v e r a l o p e r a t i o n s 

w e r e made to f i n d out the q u a l i t y of the i n d i v i d u a l m e t h o d s , p a r t i c u 

l a r l y that of the F a s t F o u r i e r T r a n s f o r m a t i o n . T h e r e s u l t was as 

f o l l o w s ( t h e p e r c e n t a g e s be low r e f e r to the examp le d e s c r i b e d in 

c h a p t e r 8 ) : 

1) T h e S i m p s o n i n t e g r a t i o n has b e t t e r r e s u l t s (as c o u l d have been 

expec ted f r o m the t h e o r y ) than the t r a p e z o i d a l i n t e g r a t i o n 

(w i thou t u s i n g a lag w i n d o w ) . 

The S i m p s o n i n t e g r a t i o n has a s h a r p peak at OJ, = -4 (FSEC) 

h o w e v e r the r a t i o of the amp l i t udes (the amp l i t udes of the h i g h e r 

h a r m o n i c s to the amp l i t ude of the main lobe) is a p p r . 8 p e r cen t . 

T h e r e i s a n a d d i t i o n a l peak at 6 , 5 • ( p a r t i c u l a r l y in t h i s 

examp le ) . 

The t r a p e z o i d a l i n t e g r a t i o n has a somewhat NA'ider (and thus less 

c o r r e c t ) main l obe ; the r a t i o of the amp l i t udes is a p p r . 10 p e r 

cen t ; h o w e v e r t h e r e is no a d d i t i o n a l peak . 

8 



2) When u s i n g lag w i n d o w s in the F o u r i e r t r a n s f o r m a t i o n , 

the c u r v e is s m o o t h e d , i . e. the amp l i t udes of the h i g h e r 

h a r m o n i c s a r e r e d u c e d , w h e r e a s the main lobe becomes w i d e r . 

In the S impson i n t e g r a t i o n the lag w i n d o w s " h a n n i n g " a n d 

" h a m m i n g " a re u s e d . The " h a n n i n g " w i n d o w (at the r a t i o of the 

amp l i t udes of a p p r . z e r o ) w i d e n s the main lobe a b i t m o r e than the 

" h a m m i n g " w i n d o w (at the r a t i o of the amp l i t udes of app r . 1,5 p e r 

c e n t ) . T h e add i t i ona l peak at 6 , 5 • <Vj was aga in t h e r e . 

3) If the lag w indow " h a n n i n g " is used in the t r a p e z o i d a l i n t e g r a t i o n , 

the main lobe is a l s o w i d e r , h o w e v e r the r a t i o of the amp l i t udes 

is on l y about 0 . 2 p e r cen t . T h e r e is no add i t i ona l peak . A p a r t f r o m 

t h a t , the i m a g i n a r y p a r t ( t h e o r e t i c a l l y equal z e r o in the examp le ) 

is much s m a l l e r than in the S i m p s o n i n t e g r a t i o n . 

4) T h e F a s t F o u r i e r T r a n s f o r m a t i o n shows a s h a r p main l obe ; 

the amp l i t udes of the h i g h e r h a r m o n i c s a r e r e d u c e d v e r y q u i c k l y 

w h e r e a s the f r e q u e n c y i n c r e a s e s . T h e i m a g i n a r y p a r t is 
K 

e v a l u a t e d b e t t e r than w i t h the above men t ioned methods . 

T h e c o m p a r i s o n of the v a r i o u s methods shows that the F a s t F o u r i e r 

T r a n s f o r m a t i o n F O C A L p r o g r a m deve loped by R O T H M A N / 2 / has 

not on ly a much h i g h e r o p e r a t i n g s p e e d , but that it is a l s o more 

a c c u r a t e than the o t h e r d e s c r i b e d methods . So it shouW be u s e d , if 

the F o u r i e r t r a n s f o r m is to be e v a l u a t e d out of a t ime s e r i e s of 
N U 

N = 2 d i s c r e t e o r d i n a t e s . H o w e v e r i t s h o u l d be kept in m i n d , 

that the f r e q u e n c y s tep is 

Af = 1 / (N - At) 

in the F a s t F o u r i e r T r a n s f o r m a t i o n F O C A L p r o g r a m and that the 

r e s u l t s f o r the f r e q u e n c i e s 
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f > 1 / (2 - A t ) 

cannot be r e g a r d e d as exac t . 

H o w e v e r , if t h e r e is a number of N 0̂= 2'^'"' o r d i n a t e s , the t r a p e z 

i n t e g r a t i o n w i t h lag w i n d o w D (t) " h a n n i n g " , (equa t ion 10) , is u s e -
Zt 

f u l , s i n c e t h i s method is c o m p a r a t i v e l y e x a c t . H e r e the f r e q u e n c y s tep 

is 

Af = 1 / ( 2 - A t A N ) 

and the maximum f r e q u e n c y : 

f = 1 / ( 2 - A t ) 
max 

L I T E R A T U R E 
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I E E E E p e c t r u m , D e c . 1967, p. 63 - 70 

J l J R O T H M A N , J . E . : 

The F a s t F o u r i e r T r a n s f o r m and i t s 

Imp lementa t ion 

D E C U S C O P E 1968, V o l . 7 , N o . 3 , p. 3 - 1 

/ 3 / U H R I G , R. E . : Random N o i s e T e c h n i q u e s in N u c l e a r 
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R a n o l d P r e s s Comp. , N e w Y o r k 
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L I S T I N G S O F P R O G R A M S 

The F a s t F o u r i e r T r a n s f o r m a t i o n F O C A L p r o g r a m w r i t t e n by 

R O T H M A N / 2 / w i l l be r e p e a t e d once more b e l o w , because t h e r e 

a r e d i f f e r e n t , somet imes even i n c o r r e c t v e r s i o n s in the v a r i o u s 

e x i s t i n g p u b l i c a t i o n s . 

T h e f o l l o w i n g l i s t i n g s a r e a t t a c h e d : 

1) L i s t i n g of the F N E W - F u n c t ion f o r the F a s t F o u r i e r 

T r a n s f o r m a t i o n 

2) L i s t i n g of the F O C A L F r e q u e n c y T r a n s f o r m a t i o n P r o g r a m 

3) T h e t e l e t y p e output when s t a r t i n g the F r e q u e n c y T r a n s f o r m a t i o n 

P r o g r a m and an e x a m p l e . 

n 



/ P w r ) ! j K A M : M r H r t O U T l M F F lMtN !• UK F O C A L 19 6 9 , U h H S I O N A. J An, 
/ I ' 4 I T I A L D I A L u G O c , : N ( ) - " : ' c S 

f - N t " / ( • < , ' ' ) n U K F A S T n ' O l j H I n.H i K A N S n O K N A T I UN 

/ i - i JUAL s P L U I n I L A T I O'-J 

hn ' j ! ; I = 1 J 6 
t v AJ.= 1 o 1 J 
h L A U = ^ 9 9 
> i b f L - A b A D 
I '-I T h, i V,H= 6 

iJj I s {. ( = Z4 -,74 -s 
SPyJi| K = 9 D O " i 

* 3 P 
ui/i 3 b b 1 b 2 oO T T U N , < t i \ ) p P - 1 

* 9 1 ''1 
i/W 1 w 3 1 3 3 < r 'V L " ' / h i ) G A L P .pRSI iHO A.I An. 

+ 5 1 3 3 

P 1 3 3 9 9 5 3 < !• Pl 5 .L4 S I. T \ r r..3 L;< / n I P r L O A T l x i o P O P v l f A L 

b l o A 1 0 9 3 7 A! ) i- L AI .+ 1 / T A:< h. 1- ( A H T A ^ i Ij-"! A 7 f 

1 i P 3 7 0 9 i L T A 
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