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The evaluation of functions by recursion is a
technique which is not often used in computing, but is
has proved to be the solution to two different problems
FOCAL. The first was the need for circular functions
which were more accurate than the internal functions

when using 4-word arithmetic (when the internal

in

functions have only 3-word accuracy). The second was the

need for functions which occupy less memory than the
corresponding internal functions. A selection of same
of the circular and hyperbolic functions which have

been used are as follows.

SIN: DO 19.2 COS: DO 10
X=1«57079632A&-X
(X12=-e01)1035S XK=XK/33D 10.2;S X=3*%X=-4xXx1t35k
X=A=-Xt3/A+X15/120

TAN: DO {1
(RA1P2=eli1d11e23S X=X/235D 1138 X=2%A/(1=-X12+1F=-99);3 K
A=X+X13/3+Xt5/7.5+xt7/315

ASIN: DO 12 ACOS: D 12.3
(XT2=eP1)12.25S X=X/(FSOTC1+X)+FSUTC1=-X))3D 1258 X=2%xA3h
A=X+X1R/ 6+ VTS*kXTS+X1T7/92. 43R
1230 10.1

ATAN: DO 13
(X12=eP1)13.255 X=K/CI1+FSQTCX12+1))3D 135S X=2%X5h
R=XK=X13/3+Xt5/5-Xt7/7

FXP: DO 12
(XT2=e1)14.25S X=X/23D 14385 X=X1235 K
AS T+ X+XT2/O+X 13/ A+ KV L/ L+ X1 5/ 120+X 16/ 720

LOG: PO 15
(KtP=2.0axRX+1) 15235 x=FS&T(X)3D 1538 X=2%X3h
XK2CK=1)/(X+1)38 X=2 x(X+Xt3/3+X15/5+X17/7)

SINH: DO 16 COSH: DD 16.3
(X12=.P1)16.23S X=X/335D0 163S X=3%kX+4%xX1t233K
X=X+Xt3/6+X15/1203 k-
1A35S X=FSOTC1+Xt2)




Angles are inhfadians; ASIN and ATAN are in the
range -n/2 to +wv/2, ACOS in the range O to .

These are subroutines rather than functions so
for example to compute the cosine of an angle the sequence
would be

SET X = ANGLE;DO 10
after which X contains the value of the cosine.

All these subroutines work on the same general
principle. If the value of X is sufficiently small,
then the function is evaluated by a power series and the
task is finished. Otherwise X is repeatedly reduced until
it is small enough, the power series is evaluated, then the
function is built up the same number of times that X was
reduced. For instance, EXP is based on the relation

exp(2x) = (exp(x))?
so that x is repeatedly halved, then the sum of the power
series is squared the same number of times; SIN is based
on
sin3x = 3sinx - 4sin3x
and ASIN on

asin(x) = 2asin (x/(Y(1 + x) + /(1 = x))).

Instead of using a FOCAL variable to count the
numbers of Feductions of x, the recursive ability of a
FOCAL subroutine to DO itself is used for the same
result. Since it may not be obvious what happens in
such a case, the following TRACE print out of the
evaluation of EXP(1l) may be illuminating, and to give
a clear print out, T! has been inserted at the beginning

of line 14.1
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K=XT23 K
=X125 K
S X=X123K
=TXTP3

bl

X
){

S X=1351D 1437 X

X=13D 1457 !

(Xt2=e1)14.25S X=X/23D 1437 !

(Xt2=-aW1)12.25S X=X/23D 1457 !

(X120 1)1 4,238 X=X/23D 1437 !

(X12=-e01)14.25S X=X/23D 1437 !

(X12-e01)14.23 S X= 1+ X+X12/2+X 13/ 6+ X1 4/24+X15/120+X16/720

It is difficult to make a siﬁplewstétement about
the accuracy of these recursive subroutines but it can
be expected that there will be errors in the sixth figure when
using 3-word FOCAL and in the ninth figure for 4-word
FOCAL. Each subroutine (with the COMMENT removed) occupies
less than half the memory space of the corresponding FOCAL
internal function and with the freedom to have just those
functions which a particular program needs. Similar
recursive subroutines can be written for all the circular
and hyperbolic functions and also for the elliptic functions
when there will be a recursive reduction of both the

argument and modulus.







